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Abstract. We study the properties of a relativistic model with logarithmic nonlinearity.
We show that such model allows two types of solutions: topologically trivial (gaussons) and
topologically non-trivial (kinks), depending on a sign of the nonlinear coupling. We focus
primarily on the kinks’ case and study their scattering properties. For the kink-antikink
scattering, we have found a critical value of the initial velocity, which separates two different
scenarios of scattering. For the initial velocities below this critical value, the kinks form a
bound state, which then decays slowly. If the initial velocities are above the critical value, the
kinks collide, bounce and eventually escape to infinities. During this process, the higher initial
velocity is, the greater is the elasticity of the collision. We also study excitation spectrum of
the kink solution.
1. Introduction
Kinks are a very important class of topologically non-trivial solitonic solutions of field-theoretic
models in (1 + 1) dimensions. Studies of the kink-(anti)kink interactions and related resonance
phenomena is a fast growing area of research, where many important results have been obtained
recently. In particular, the kink-antikink scattering has been studied within models with both
polynomial [1–8] and non-polynomial potentials [9–13]. The role of collective excitations of the
kink-antikink system in appearance of the escape windows has been clarified [3,7–9], the impact
of quasi-normal modes on the resonance phenomena has been shown [14]. A series of papers
is devoted to multi-kink collisions in various models [15–18]. Another important issue which is
being actively studied is interaction of kinks with polynomial asymptotic behavior. It has been
shown that polynomial tails result in long range interactions of kinks, see, e.g., [7, 19–24].
This our paper deals with scattering of kink and antikink of the relativistic model with
logarithmic nonlinearity. The latter is being actively studied starting from the classical
works by Rosen and Bialynicki-Birula and Mycielski [25–29]. Currently they find numerous
applications in different areas of physics, including the particle physics and classical and quantum
gravity [25, 26, 30–39]. Modern statistical mechanical justifications of logarithmic models and
their connections to fundamental quantum-mechanical notions can be found in [40], and their
applicability to other branches of physics is discussed in [41,42].
2. The model
Consider a real scalar field φ in (1+1)-dimensional space-time with its dynamics defined by the
Lagrangian [25,26]
L = 1
2
(
∂φ
∂t
)2
− 1
2
(
∂φ
∂x
)2
− V (φ), (1)
with the potential
V (φ) = −b φ2 [ln (Aφ2)− 1]+ V0, (2)
where the parameter b defines the strength of a nonlinear self-interaction, A is a constant
parameter, and V0 = V (0) is the value of the potential at φ = 0 [33]. From the Lagrangian (1)
we can obtain the equation of motion
∂2φ
∂t2
− ∂
2φ
∂x2
+
dV
dφ
= 0. (3)
In static case φ = φ(x):
d2φ
dx2
=
dV
dφ
⇔ dφ
dx
= ±
√
2V . (4)
(a) Gausson Model. Assume that b > 0 and V0 = 0, therefore the potential (2) can be
rewritten:
V (g)(φ) = −φ
2
λ2
[
ln (φ2/ϑ2)− 1] , (5)
where λ = 1/
√
b and A = 1/ϑ2 are real parameters. In this case the field potential has a shape
of an upside-down Mexican hat placed inside a well with walls representing the cut-off value of
|φ|. Then from equation (4) we can obtain static solutions known as gaussons [25,29]:
φ
(g)
± = φ0 exp
[
−x(x± µ)
λ2
]
, (6)
where µ =
√
2λ
√
1− ln (φ20/ϑ2). Their energy density and total mass-energy are
H(g)
±
=
[
2
λ2
(
x± µ
2
)
φ
(g)
±
]2
=
4φ20
λ4
(
x± µ
2
)2
exp
[
−2x(x± µ)
λ2
]
, (7)
E
(g)
± ≡ E
[
φ
(g)
±
]
=
√
π
2
eϑ2
λ
. (8)
(b) Kink Model. Consider a case with b < 0 and V0 = −b, therefore the potential (2) can be
rewritten as:
V (k)(φ) =
φ2
ℓ2
[
ln (φ2/ϑ2)− 1]+ ϑ2
ℓ2
, (9)
where ℓ = 1/
√−b is a real parameter. In this case, the potential has a conventional Mexican-hat
shape thus hinting at the presence of nontrivial topological structure [33]. Unlike the gausson
case, in this case static solutions are obtained so far only numerically.
3. Kinks scattering
We have studied the kink-antikink scattering, i.e. we have taken the kink and antikink, initially
(at the moment t = 0) located at the points x = −ξ and x = +ξ, respectively, and moving
towards each other with initial velocities vin in the laboratory frame of reference:
φ(x, t) = φkink

x+ ξ − vint√
1− v2in

+ φantikink

x− ξ + vint√
1− v2in

− 1 (10)
(we used parameters of potential ϑ = 1, ℓ =
√
2.) We solved the equation (3) numerically via
explicit difference scheme
∂2φ
∂t2
=
11φj+1n − 20φjn + 6φj−1n + 4φj−2n − φj−3n
12δt2
, (11)
∂2φ
∂x2
=
−φn−2,j + 16φjn−1 − 30φjn + 16φjn+1 − φjn+2
12δx2
(12)
with time step δt = 0.001 and coordinate step δx = 0.005.
The scattering process crucially depends on the initial velocity of the colliding kinks. At low
energies we observed the kinks’ capture and formation of their bound state which then decays
into radiation. At the same time, at high energies the kinks bounce off each other and goes to
spatial infinities. In our numerical experiments we have found a critical value vcr ≈ 0.7908 of the
initial velocity which separates two regimes of scattering: at vin < vcr kinks form a bound state,
while at vin > vcr the kinks collide once and escape to infinities with final velocities vf < vin.
Note that, unlike the φ4 and many other models, in the kink-antikink collisions at vin < vcr
we did not observe formation of a bion – a localized long-lived bound state of kink and antikink.
In our numerical simulations the kink and antikink captured each other and formed a bion-like
state which then immediately decayed into radiation.
4. Discussion
We have studied the scattering of kinks of the relativistic model with logarithmic nonlinearity.
We have found a critical value of the initial velocity of the colliding kinks vcr ≈ 0.7908, which
separates different regimes of the scattering. At the initial velocities below vcr the kink and
antikink become trapped thus forming a bound state. This bound state then decays into
radiation in the form of waves of small amplitude. At the initial velocities above vcr, the kink
and antikink collide once and escape to infinities with some final velocities vf < vin, i.e., a kind
of inelastic scattering takes place. A certain part of the initial kinetic energy of kinks is emitted
in a form of waves of a small amplitude.
It is worth mentioning that we did not observe any resonance phenomena (so-called ’escape
windows’) so far. It can be a consequence of absence of vibrational mode(s) in the kink’s
excitation spectrum. In order to confirm this conjecture, we are planning study the linear
stability of the kink in a spirit of refs. [4, 5, 7].
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